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Multidimensional $1\mathit{0}$cal residues are fundamental objects in complex analysis and geom-
etry. However, if the polar divisors of a meromorphic differential form are not in general
position, the actual calculation of local residues is difficult in many cases. In this paper we
study Grothendieck local residue from the viewpoint of $D$-modules. We mainly consider
the case where the polar divisors are not in general position. We propose a new $\mathrm{a}\mathrm{p}\mathrm{p}\dot{\mathrm{r}}\mathrm{o}\mathrm{a}\mathrm{C}\mathrm{h}$
for calculating multidimensional local residues.
In the appendix we consider the zero-dimensional transversal complete intersection case.
We present a simple method $\mathrm{f}\mathrm{o}\dot{\mathrm{r}}$ computing residues for this case.
We use a computer algebra system Kan for Gr\"obner basis computation in Weyl algebra
and a computer algebra system $\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ for Gr\"obner basis computation, and primary
decomposition in polynomial rings.
1. Algebraic local cohomologies
Let us recall some basic facts about algebraic local cohomology and holonomic D-
modules. Let $X$ be a complex manifold $\mathcal{O}_{X}$ the sheaf on $X$ of holomorphic functions.
Let $\mathrm{Y}$ a subvariety in $X$ . Let $J_{\mathrm{Y}}$ be the sheaf of ideal of $\mathrm{Y}$ in $X$ . The k-th algebraic local
cohomology group supported in $\mathrm{Y}$ is defined as the inductive limit of extension groups
$\mathcal{H}_{[\mathrm{Y}]}^{kk}(\mathcal{O}x)=\lim_{\mathit{1}arrow\infty}\mathcal{E}xt_{o_{X}}(\mathcal{O}x/J_{\mathrm{Y}}^{\mathit{1}}; \mathcal{O}\mathrm{x})$.
Note that for a hypersurface case, we have $\mathcal{H}_{[\mathrm{Y}]}^{1}(\mathcal{O}\mathrm{x})\simeq \mathcal{O}_{X}[*\mathrm{Y}]/\mathcal{O}_{X}$ , where $\mathcal{O}_{X}[*\mathrm{Y}]$ stands
for $\mathrm{t}\mathrm{h}\overline{\mathrm{e}}$ sheaf of meromorphic functions on $X$ with poles along Y.
Let $D_{X}$ be the sheaf of rings on $X$ of linear partial differential operators with holomorphic
coefficients. Then $D_{X}$ is coherent as a sheaf of rings. It is easy to see that the algebraic
local cohomology group $\mathcal{H}_{[\mathrm{Y}]}^{k}(\mathcal{O}_{X})$ is naturally endowed with a structure of left $D_{X}$ -module.
In 1978, Kashiwara proved the following fundamental theorem.
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Theorem $(\mathrm{K}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{W}\mathrm{a}\mathrm{r}\mathrm{a}[12], \mathrm{M}\mathrm{e}\mathrm{b}\mathrm{k}\mathrm{h}\mathrm{o}\mathrm{u}\mathrm{t}[14])$
(1) $\mathcal{H}_{[\mathrm{Y}]}^{k}(\mathcal{O}x)$ is coherent over $D_{X}$ .
(2) $\mathcal{H}_{[Y]}^{k}(\mathcal{O}_{X})$ is a holonomic system.
We refer to [11], [22] for the notion of a holonomic system.
Recently, one of the authors (T. Oaku ([19], [20])) constructed an algorithm to calculating
Gr\"obner basis of an algebraic local cohomology group. His algorithm has been implemented
in the computer algebra system Kan ([24]), developed by N. Takayama of Kobe University.
The following computation was carried out by using Kan.
Example Let $f(x,y)=(x^{2}+y^{2})^{3}-4x^{2}y^{2},$ $D=\{(x, y)|f(x, y)=0\}$ . Put
$m=$ ( $\frac{1}{(x^{2}+y)^{3}2-4xy22}$ mod $\mathcal{O}\mathrm{x}$ ) $\in \mathcal{H}_{[D}1](\mathcal{O}_{X})$ .
The generator $m$ of the module $\mathcal{H}_{[D]}^{1}(\mathcal{O}_{X})$ satisfies the following holonomic system.
$|(-15y^{22}XD_{x}+3yD.+xy_{6}3x_{2}^{3}D15yyy,243+4(_{X^{3}}Dx_{3_{XD3}}-2y^{2_{X}}Dx_{7}+2yx_{1}^{2}D_{y}-y_{2}^{3}D+(-27yx+x_{2}^{4}Dyyx_{D_{y}-}-2215y^{4}D18yx_{2D_{yx}}^{2}(-972yD2^{+}16x_{965}^{4}D-yyx-222^{+0y_{X}0’}275^{+4}6X^{-}D_{y,8}^{-}y^{4}D_{y}^{2}-8748yx(-108^{-}y_{4}^{5}D_{x_{4^{-2}}}6^{+D2}0XD_{y,3}19(-x^{6}3yx-243yx_{X^{2}-3}yx^{2}y^{2}2D24+14x^{2}D_{x_{2^{-}}}129^{+1}6yx_{312+}^{2}1468y^{3}D^{+}+y4x62-y6+92+8y_{5}xD^{+}x_{2^{-y}}+4yD_{y}+2-18y_{42}x+4X)y=yX^{+X}6yxD5D_{y}x4y)m_{15}=0_{D}208y^{2}’ D-xy386y3m_{3}0,9^{+}2y)m=0_{1}45XD-76XDx+5044yX)m=Dy.y+y4xy^{2})m=09yy^{2}xX^{2}D33yD+416’ 16^{-}y_{X^{3}}D\mathrm{o}_{y_{2}}3x\mathrm{o}_{1}x156)m=02y^{2}D_{y}2$
.
Moreover, these operators form a Gr\"obner basis of the annihilator ideal of the generator
$m$ .
Example$(\mathrm{c}\mathrm{f}. [25])$ Let $f(x, y)=x^{6}-x^{2}y^{3}-y^{5},$ $g(x, y)=y$ .
Let $m$ be the cohomology class associated to the meromorphic function $\frac{1}{fg}$ :






However, the $D_{X}$ -module structure of the algebraic local cohomology group supported on
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$[\-75*\mathrm{y}*_{\mathrm{X}}2arrow \mathrm{D}\mathrm{X}-6**_{\mathrm{X}^{-}}3*\mathrm{D}\mathrm{y}-90*\mathrm{y}^{\sim}2*\mathrm{X}*\mathrm{D}\mathrm{y}+9*\mathrm{x}^{\wedge}2*_{\mathrm{D}}\mathrm{x}-_{3\mathrm{y}2*}*\mathrm{D}\mathrm{x}\star 12*\mathrm{y}*\mathrm{x}*_{\mathrm{D}}\mathrm{y}-450*\mathrm{y}*\mathrm{X}\star 54*_{\mathrm{X}}\sim$ ,
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$+837\mathrm{o}\mathrm{o}00*\mathrm{X}-3*\mathrm{D}\mathrm{y}3\sim 243\mathrm{o}\mathrm{o}\mathrm{o}00*\mathrm{y}\star-2*\mathrm{x}*_{\mathrm{D}\mathrm{y}^{arrow 3+}\mathrm{y}^{arrow 2*_{\mathrm{X}*}}}14501953125*\mathrm{D}\mathrm{X}2\wedge$
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2. Residue and residual duality
Let $X$ be a domain in $\mathrm{C}^{n}$ . Let $f_{1},$ $f_{2},$ $\ldots.,$ $f_{n}$ be a regular sequence of holomorphic functions
on $X$ . Let $\mathcal{I}$ be the ideal generated by $f_{1},$ $f_{2},$ $\ldots.,$ $f_{n}$ over $\mathcal{O}_{X}$ . Let us denote by
$\in \mathcal{E}_{Xt_{\mathcal{O}}^{n}}(X\mathcal{O}\mathrm{x}/\mathcal{I}, \mathcal{O}x)$
the Grothendieck. residue symbol associated to the meromorphic function
$\frac{1}{f_{1}f_{2}\cdots f_{n}}$ .
Let $i$ be the canonical map
$\mathcal{E}xt_{O}^{n_{X}}(\mathcal{O}x/I, \mathcal{O}_{X})arrow \mathcal{H}_{[A]}^{n}(\mathcal{O}x)$ ,
where $A=\{z\in X|f_{j}(z)=0, j=1,2, \ldots,n\}$ .
Set:
$m=i()\in H_{[A]}^{n}(\mathcal{O}x)$ .
We assume that the common locus $A$ consists of finite number of points $A_{k},$ $k=1,2,$ $\ldots,N$ .
Corresponding to the decomposition of the algebraic local cohomology group $\mathcal{H}_{[]}^{n_{A}}(\mathcal{O}x)$
$\mathcal{H}_{[A]}^{n}(\mathcal{O}x)=\mathcal{H}n([A_{1}]x\mathcal{O})\oplus \mathcal{H}^{n}]1A_{2}(\mathcal{O}X)\oplus\ldots\oplus \mathcal{H}_{[A]}^{n}(N\mathcal{O}X)$ ,
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we have $m=m_{1}+m_{2}+\cdots+m_{N}$ with $m_{k}\in H_{[A]}^{n_{k}}(\mathcal{O}x)$ .




defines the residue pairing at the point $A_{k}$ . Put
${\rm Res}_{A_{k}} \langle\phi(z), m\rangle=\frac{1}{(2\pi i)^{n}}\oint_{A_{k}}\phi(_{Z})mdz$.
We regard ${\rm Res}_{A_{k}}$ $\langle \cdot, m\rangle$ as a linear map
$\Omega_{X}\ni\phi(z)dZarrow{\rm Res}_{A_{k}}\langle\phi(_{Z}), m\rangle\in \mathrm{C}$ .
Note There exists $m_{k}\in \mathrm{N}$ and complex constants $c_{\beta,k}(0\leq|\beta|\leq m_{k})$ such that for every
$\phi dz\in\Omega x$ ,
${\rm Res}_{A_{k}} \langle\phi(_{Z}), m\rangle=\sum_{0\leq|\beta|\leq m_{k}}C_{\beta,k}\cdot((\frac{\partial}{\partial z})^{\beta}\phi)(A_{k})$.
3. Main Theorems
Let $X$ be a domain in $\mathrm{c}^{n}$ : Let $f_{1},$ $f_{2},$ $\ldots.,$ $f_{n}$ be a regular sequence of holomorphic functions
on $X$ . Let $A=\{z\in X|f_{j}(z)=0, j=1,2, \ldots, n\}$ . Let us denote by $m$ the residue class
$m=i()\in H_{[}^{n_{A}}(\mathrm{J}\mathcal{O}_{X}).$.
We assume that the common locus $A$ consists of finite number of points $A_{k},$ $k=1,2,$ $\ldots,$ $N$ .
We have $m=m_{1}+m_{2}+\cdots+m_{N}$ with $m_{k}\in H_{[A]}^{n_{k}}(\mathcal{O}x)$ .
The following theorem asserts that the cohomology class $m$ can be characterized as a
solution of linear partial differential equations up to constant factor.
Theorem A Let $J=\{P\in D_{X}|Pm=0\}$ be the annihilator ideal of $m$ . Then at
each point $A_{k}$ , we have
$\{u| Pu=0, u\in H_{[A]}^{n_{k}}(\mathcal{O}_{X}), P\in J\}=\{cm_{k}|c\in \mathrm{C}\}$.
Proof
Put $\mathcal{M}_{k}=\mathcal{H}_{[]}^{n_{A_{k}}}(\mathcal{O}_{X})$ . We have $m_{k}\in \mathcal{M}_{k}$ . Since the algebraic local cohomology group






The claim follows from th.e fact that
$\mathcal{H}om_{\mathcal{D}_{X}}(\mathcal{M}_{k}, \mathcal{M}_{k})=\mathrm{c}|_{A_{k}}$ .
q.e.d.
Let us recall the fact that $\Omega_{X}$ is naturally endowed with a structure of a right $D_{X}$-module.
The right action of $P= \sum a_{\alpha}(z)(\frac{\partial}{\partial z})^{\alpha}$ is described explicitly as follows.
$(\phi(z)dZ)P=(P^{*}\phi)(Z)d_{Z}$ ,
where $P^{*}= \sum(-\frac{\partial}{\partial z})^{\alpha}a_{\alpha}(z)$ is the formal adjoint of $P\in D_{X}$ .
If $P\in J$ , then we have
${\rm Res}_{A_{k}}\langle(P^{*}\psi(z))d_{Z,m\rangle}={\rm Res}_{A_{k}}\langle(\psi(z)dz,Pm\rangle=0$.
Furthermore, we $\mathrm{h}\mathrm{a}.\mathrm{v}\mathrm{e}$ the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{i}_{0}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}$ Theorem, which is a direct consequence of a result
of Kashiwara[11].
Theorem $\mathrm{B}$ Let $J$ be the annihilator ideal of $m$ . Then, we have
$\{\phi(z)d_{Z}\in\Omega_{X}|{\rm Res}_{A_{k}}\langle\phi(z)dz,m\rangle=0,\forall k=1,2, \ldots, N\}$
$=\{(P*\psi)(z)dZ|P\in J, \psi(\mathcal{Z})dz\in\Omega \mathrm{x}\}$ .
Note that, for the case of one variable, Theorem $\mathrm{B}$ provides a new theoretical foundation
of the Horowitz-Ostrogradski algorithm ([10]) for $\dot{\mathrm{t}}$he integration of rational functions.
4. Examples
Example Let $X=\{(x, y)|x,y\in \mathrm{C}\},$ $f(\dot{x}, y)=y^{2},$ $g(x,y)=y-x^{2}$ .









It is easy to see that the annihilator ideal $J$ of $m$ is generated by these three operators:
$J=\langle y^{2}, y-x^{2}, xD_{x}+2yD_{y}+6\rangle$ .
Put $m= \sum a_{\alpha,\beta}[\frac{1}{x^{\alpha}y^{\beta}}]$ . Since
$(xD_{x}+2yD_{y}+6) \frac{1}{x^{\alpha}y^{\beta}}=(-\alpha-2\beta+6)\frac{1}{x^{\alpha}y^{\beta}}$,
we have $m=[ \frac{a_{2,2}}{x^{2}y^{2}}+\frac{a_{4,1}}{x^{4}y}]$ . The second equation $(y-x^{2})m=0$ implies
$m= \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}[\frac{1}{x^{2}y^{2}}+\frac{1}{x^{4}y}]$.
Let $\mathcal{I}=\langle y^{2}, y-X^{2}\rangle$ be the ideal generated by $y^{2}$ and $y-x^{2}$ over the ring $\mathcal{O}_{X}$ . Then the
quotient space $\Omega_{X}/\Omega_{X}\mathcal{I}$ is a 4-.dimensional vector space.
Put
$K=$ { $\phi(x,$ $y)dx$ A $dy|{\rm Res}_{[]}0,0(\phi(x,$ $y)dX$ A $dy,$ $m)=0$ }.
Obviously we have $\Omega \mathcal{I}\subset K$ .
Since $P^{*}=-xD_{x}-2yD_{y}+3$ , we have $P^{*}1=3,$ $P^{*}x=2x,P^{*}x^{2}=x^{2},$ $P^{*}x^{3}=0$ .
Therefore, the differential forms $dx$ A $dy,$ $xd_{X}$ A $dy$ and $x^{2}dx$ A $dy$ belong to $K$ and the
differential form $x^{3}dx$ A $dy$ gives a representative of a non-trivial element of $\Omega_{X}/IC$ .
Example Take $f(x, y)=(x^{2}+y^{2})^{2}+3x^{2}y-y^{3},$ $g(x, y)=y-x^{2}$ .
Let $A=\{(x, y)|f(x, y)=g(x, y)=0\}$ . Then
$A=\{(0,0)\}\cup\{(x, y)|y-x^{2}=0, y^{2}+y+4=0\}$ .
Put
$m=[ \frac{1}{fg}]\in \mathcal{H}_{[A]}2(\mathcal{O}X)$ .
Let $J\subset D_{X}$ be the annihilating ideal of $m$ . Then
$\{Q_{1}, Q_{2}, P_{1}, P_{2}, P_{3}\}$
is an involutory base of the ideal $J$ , where
$Q_{1}$ $=$ $-x^{2}+y$ ,
$Q_{2}$ $=$ $-y^{4}-y^{\mathrm{s}_{-4y}2}$ ,
$P_{1}$ $=x(y^{2}+y+4)D_{x}+2y(y^{2}+y+4)D_{y}+10y^{2}+8y+24$ ,
$P_{2}$ $=$ $y(y^{2}+y+4)D_{x}+2xy(y^{2}+y+4)D_{y}+2x(4y^{2}+3y+8)$ ,
$P_{3}$ $=$ $-y(y^{2}+y+4)D_{x}^{2}+6y(y^{2}+y+4)D_{y}+24y^{2}+18y+48$ .
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Since
$P_{1}$ $=$ $(xD_{x}+2yD_{y}+6)(y^{2}+y+4)$ ,
$P_{2}$ $=$ $(yD_{x}+2xyD_{y}+4X)(y^{2}+y+4)$ ,
$P_{3}$ $=$ $(-yD_{x}^{2}+6yD_{y}+12)(y^{2}+y+4)$ ,
hold, the annihilator ideal $J$ of the cohomology class $m$ is generated by $y-x^{2},$ $y^{2}+y+4$
over $D_{X}$ at $\{(x, y)|y-x^{2}$. $=0, y^{2}+y+4=0\}$ .
5. Appendix
Let $f_{1},$ $f_{2},$ $\ldots,$ $f_{n}\in \mathrm{C}[z_{1}, Z_{2}, \ldots, z_{n}]$ be a regular sequence of polynomials. Let $A=\{z\in$
$\mathrm{C}^{n}|f_{1}(z)=f_{2}(z)=\cdots=f_{n}(z)=0\}$ be the common locus of $f_{1},f_{2},$ $\ldots,$ $f_{n}$ . We assume
that $f_{1},$ $f_{2},$ $\ldots,f_{n}$ are in general position, i.e., the Jacobian determinant
$Jac= \frac{\partial(f_{1},f_{2},\ldots,fn)}{\partial(z_{1},z2,\ldots,Zn)}$
does not vanish at any point $A_{k}\in A$ . Then we have
${\rm Res}_{A_{k}} \langle\phi(_{Z),m\rangle}=\frac{\phi(A_{j})}{Jac(A_{k})}$ .
By rewriting the above relation: we get
$Jac(A_{k})\cdot ResAk\langle\phi(z), m\rangle-\phi(Aj)$ .





We arrive at the following method for computing the residues of $[ \frac{\phi(z).d_{Z}}{f_{1}f_{2}\cdot\cdot f_{n}}]$ .
$\bullet$ Set
$I=\langle f_{1}(z), f2(_{Z)}, \ldots, f_{n}(z), JaC(_{\mathcal{Z})-}t\phi(Z)\rangle\subset \mathrm{C}[z_{1,2,n}z\ldots, Z,t]$ .
$\bullet$ Compute the Gr\"obner basis of the $\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{a}\dot{\mathrm{l}}$ $I$ with respect to pure.lexicographic order
$z\succ t$ and then perform the primary decomposition of the polynomial ideal $I$ .
Note that the above method is a natural generalization of $\mathrm{T}\mathrm{r}\mathrm{a}\mathrm{g}\mathrm{e}\mathrm{r}- \mathrm{L}\mathrm{a}\mathrm{Z}\mathrm{a}\mathrm{r}\mathrm{d}- \mathrm{R}\mathrm{i}\mathrm{o}\mathrm{b}_{0}\mathrm{o}$ and
Czichowski algorithm $([5],[13],[28])$ .
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Example Let $f(x, y)=y-x2,$ $g(x, y)=y-X-2,$ $\phi(x, y)=1$ .
Put $h(x, y, t)=Jac(x, y)\cdot t-1$ , where $Jac(X, y)=-2x+1$ is the jacobian determinant
of $f,g$ . Let
$I=\langle f,g, h\rangle\subset IC[x, y, t]$ .
Then the Gr\"obner base of $I$ with respect to the pure lexicographic $\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}x\succ y\succ t$ is
$\{-9t^{2}+1,2y+9t-5,2X+9t+1\}$ .
The primary decomposition of this ideal is given by
$\langle 3t+1, y-4,x-2\rangle,$ $\langle 3t-1,y-1, x+1\rangle$ .
We thus get
${\rm Res}_{(2,4)}\langle 1,$ $[ \frac{1}{fg}])=-\frac{1}{3}$ , ${\rm Res}_{\mathrm{t}^{-1,1})} \langle 1, [\frac{1}{fg}]\rangle=\frac{1}{3}$ .
Example Let $f(x, y)=(x^{2}+y^{2})^{2}+3x^{2}y-y^{3},$ $g(x, y)=3x^{2}+3y^{2}-1,$ $\phi(x, y)=1$ .
Put $h(x, y, t)=JaC(x, y)\cdot t-1$ , where $Jac(x.’ y)$ is the jacobian determinant of $f,g$ . Let
$I=\langle f,g, h\rangle\subset K[x, y,t]$ .
Then the Gr\"obner base of $I$ with respect to the pure lexicographic ordering$x\succ y\succ t$ is
$\{8t^{2}-1, -36y3+9y+1, -x+12ty^{2}-2ty-2t\}$ .
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